Introduction
The possibility of using coherent anti-Stokes Raman scattering (CARS) for nonintrusive temperature and/or species concentration determinations 2 has generated increasing interest from groups in the combustion field to develop the technique into a reliable instrument for accurate measurements in combustion processes. 3 - 8 The most common CARS setup utilizes a Nd:YAG system where the CARS beam at the antiStokes frequency was is generated at Was = 2p- Ws. Here wp is the frequency-doubled output from the YAG laser and ws is the output from a broadband dye laser (typical bandwidth about one hundred wavenumbers). The generated anti-Stokes beam is dispersed by a spectrograph and detected with an optical multichannel analyzer (OMA). A complete antiStokes spectrum of the investigated molecule is thus obtained in a single laser shot. 9 Within the CARS community there has been a controversy whether a single-mode or a multimode YAG laser is preferred for minimizing the noise in CARS spectra. Complications arising when using a multimode YAG laser have been pointed out.1 0 -1 2 5 These have predominantly been related to rapid fluctuations in the pump laser intensity arising from mode beating. Snelling et al.1 nal-to-noise ratio (S/N) than a multimode pump laser. On the other hand Greenhalgh and Whittley' 4 have reported non-Raman-resonant noise figures for a multimode pump laser which are comparable with the single-mode figures of Snelling and co-workers. Hall and Greenhalgh' 5 claimed that the single-and multimode pump noise figures should be about the same for the nonresonant case if all intermode beating terms are averaged out by long pulse duration.
Snelling et al. have recently extended their investigations to include resonant flame spectra.' 6 (The term resonant here and throughout the rest of the paper stands for Raman resonant, not electronically resonant, spectra. Similarly the term nonresonant refers to spectra without either Raman resonance or electronic resonance.) While the nonresonant spectra, in agreement with their previous investigation, showed a better S/N with the single-mode laser, the multimode laser gave the lowest noise in the resonant spectra. In light of previous publications on the issue of single-vs multimode pump lasers this result was somewhat surprising. The results of Snelling et al.' 6 are reprinted in Table I to facilitate the discussion. Shot noise and dark current noise have been subtracted as per Ref. 16. In this paper we first show that the strongly increased noise figures of Snelling et al., when going from the nonresonant to the resonant case using a singlemode laser, can be approximately reconstructed by considering only one single source of noise. Namely, that arising from the finite number of independent dye-laser modes actually contributing to the CARS signal. (A more elaborate theoretical model would, e.g., have to consider the role of pulse-to-pulse fluctuations in pump mode intensities and/or possible nonaveraged intermode beat terms.' 5 "1 7 Such a treatment would need to be more mathematical. Preliminary considerations indicate that the higher nonresonant figures for the multimode laser could be explained with such an approach.1 7 In the next section it is argued that an upper limit on the noise reduction obtainable by referencing can be determined by considering the dye laser modes contributing to the signal and reference spectra, respectively. Finally, dual broadband vibrational 8 ,' 9 and rotational 2 0 ,21 CARS are discussed, since our model implies that these techniques would be particularly insensitive to dye-laser mode noise. Recent measurements support this conclusion, 2 ' Throughout the paper we assume that both the phases and the amplitudes of the various dye laser modes can be regarded as independent of each other. This assumption is expected to be valid for a pulsed multimode dye laser operating high above threshold. 2 2 For such a laser spatial hole burning and mode competition are negligible. Greenhalgh and Whittley have analyzed in detail the mode noise in a broadband dye laser1 4 and their results were also consistent with the assumption of independent modes. The probability distribution for the mode intensities is assumed to be exponential.1 4 We define intensities and standard deviations as those registered by a single pixel in the OMA diode array. If these signals are normalized by dividing the signal recorded in each pixel with the integrated CARS intensity from all pixels, as was done in Refs. 13 and 16, this normalized pixel intensity will not fluctuate due to variations in the total intensity of the pump or Stokes beams. However, there will be shot-to-shot fluctuations due to, e.g., variations in the intensity of the particular Stokes modes contributing to the signal in a given pixel. Following Ref. 14, noise is defined as the standard deviation of the pixel intensity, normalized as above, divided by the average normalized intensity recorded by that pixel. The number of Stokes modes contributing to the signal in a specific pixel is determined by the convolution of the pump laser bandwidth and the detection system slit function. For simplicity we assume that the width of the slit function W is much larger than the pump laser and rp -0.1 cm-', this is a good approximation. Line shapes and slit widths will be assumed to be rectangular. It is, at the expense of a need for more elaborate mathematics, straightforward to include the correct profiles or different relationships between the various widths in the treatment below. The conclusions drawn from the treatment outlined in this paper do not depend on the exact shapes of laser or line profiles. The numerical calculations presented here are not to be regarded as exact, however; instead their aim is to show trends, demonstrate orders of magnitude, and clarify the discussion. 
II. Influence of Stokes Laser Noise on Resonant CARS
In Fig. 1 the CARS process is schematically pictured for (a) a single-mode pump laser and (b) a multimode pump laser. The vertical axis corresponds to energy and the vertical arrows represent the energy of the photons contributing to the resonant CARS signal. The horizontal lines represent laser modes. One Raman resonance has been indicated. The figure visualizes how the multimode laser enables a larger number of Stokes modes to participate in the excitation of the Raman resonance. This is the case since Stokes modes that would fall just outside the Raman resonance if NOISE combined by the single mode from a single-mode pump laser are shifted in under the Raman line by combining with modes in the wings of the multimode pump profile. Let Pr, r(r+p), up and QS be the FWHM of the Raman line, the FWHM of the profile corresponding to the convolution of the Raman line and the pump laser profile, the mode separation in the pump laser, and the mode separation in the Stokes laser, respectively. Only the lowest-order transverse modes (TEMoo) are considered here. The higher-order modes do not focus as tightly as the lower-order modes and are less effective in generating the CARS signals. 4 1 6 23 There will be r/s and (r+p)/s Stokes modes contributing to the Raman resonant signal with a single-mode pump laser and a multimode pump laser, respectively. Provided that the Raman linewidth is larger than the mode separation in the dye laser, it is also clear that all pump modes contribute to the Raman resonant signal for the multimode case. If the pump mode separation is larger than the Raman linewidth all the pump modes will still participate in the excitation. In this case the number of independent Stokes modes contributing would be Np(rlus) , where Np is the number of pump laser modes.
Greenhalgh and Whittley' 4 demonstrated that the noise in the spectral profile of a multimode laser and in a nonresonant CARS spectra generated with such a laser, depended on the number of dye laser modes detected by each pixel. For independent modes we have' 4
( indicates an ensemble average, Ik denotes the intensity of mode k, IT is the registered intensity when 1 modes are simultaneously observed, on is the standard deviation in the intensity of mode k, and T is the standard deviation in the intensity IT. If a nonexponential probability distribution is assumed for the mode intensities instead the expectation values in the second equation above need to be changed. The subsequent treatment is then still valid. The noise when 1 modes are observed simultaneously is given by Eq. (1):
(1)
Consequently, the observed noise is inversely proportional to the square root of the number of modes contributing to the signal. (A more general form for the right-hand side would be y/f, where y is a line shape dependent numerical factor. Here, for rectangular profiles, y equals one.) To calculate the noise in a given pixel for a resonant or nonresonant CARS spectrum the number of independent Stokes modes contributing to the signal must therefore be estimated. In the nonresonant case W/Q 8 modes are seen. As the nonresonant part of the third-order susceptibility essentially is constant all the modes will have equal weight. In a resonant spectrum the recorded signal essentially only arises from those mode combinations which actually excite the Raman resonance. Other, nonresonant, modes will only give a small contribution to the signal (majority species assumed). Let A denote an effective average line spacing between the Raman resonances within the observed spectral interval.
There will be (for A > rr, r(r+p))
W r modes contributing to the signal for the single-mode case and, for the multimode case,
In comparison with a nonresonant spectrum the number of participating Stokes laser modes in a resonant spectrum then decreases from W/Q, to (W rr)/(A Q) (single-mode case) and (W r(r+p))/(A' * ) (multimode case). The increase in noise according to Eq. and for the right-hand side one obtains 22 22 1.4.
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As further numerical examples we may estimate the noise for the resonant and nonresonant single-mode cases. Let W = 2 cm-l, r, = 0.04 cm-', Q, = 0.009 cm-1. 13 The noise will be (Q1/W) 1 Although the model is partly successful it is clear that several details concerning noise in CARS spectra are still unclear and the issue seems to need further investigations.
Referencing
In principle, variations in the CARS signal due to shot-to-shot fluctuations in the dye laser spectral profile can be eliminated by recording an anti-Stokes spectrum from an element with a constant nonresonant susceptibility (a reference spectrum) simultaneously with the resonant CARS spectrum. The reference spectrum then mirrors the dye laser profile in that particular laser shot. The ratio between the resonant spectrum and the reference spectrum should be insensitive to shot-to-shot variations in the dye laser spectral profile. It is well known that it is very difficult to completely eliminate noise due to shot-to-shot fluctuations in the dye laser spectral profile using this technique. 4 ' 5 ' 25 The extent to which the spectral fluctuations can be reduced critically depends on the experimental situation in a way closely related to the discussion in the previous section. In Fig. 2 a broad slit function, a narrow isolated Raman line, and a number of Stokes laser modes are shown. The reference spectrum intensity in a given pixel gives the average intensity of the WQS dye laser modes generating the signal recorded by that particular pixel. However, the intensity in the resonant spectrum is determined by the intensity of the rr/Qs (single-mode case) or r(r+p)/Q (multimode Fig. 2 . Dye laser modes, a narrow isolated Lorentzian Raman resonance, and a wider Gaussian slit function are shown. L is the (optical) length of the dye laser cavity. The intensity in the nonresonant spectra will be determined by the total intensity in the modes selected by the detection slit function. The intensity in the resonant spectra, however, is determined only by the total intensity in the smaller subgroup selected by the Raman resonance.
case) modes exciting the Raman resonance. If W >> rr [or alternatively W >> r(r+p)], our information about the intensity of the particular modes exciting the Raman resonance will only be marginally improved. On the average the noise will decrease a factor of (
where 77 is the ratio between the number of modes contributing to the resonant spectrum and the number of modes contributing to the nonresonant spectrum. The best improvement of the S/N with referencing is obtained when the slit function is narrower than the Raman resonance. This condition is easiest to fulfill at high pressure because the resonance lines will then overlap. According to our model referencing may be easier to perform using a broadband pump laser. Preferably the spectral width of the pump laser should be of about the same size as the line spacing (or alternatively of the same width as the slit function in the case of an isolated line). There may be other possibilities like introducing a frequency chirp such that the Stokes laser modes are scanned over the resonance. While the arguments above imply that successful referencing is most easily obtained with a multimode pump laser, there may also be disadvantages. It has been pointed out that the reference spectra may be sensitive to the precise time overlap of the pump laser and dye laser beams. 5 In particular this might be the case if the duration of the anti-Stokes pulse is small compared to the intermode beat periods. The sensitivity of reference spectra to the precise time overlap can possibly be investigated by simultaneously recording two reference spectra and looking at the cross correlation between the spectra as one of the beams in one of the reference cells is delayed.
IV. Discussion and Conclusions
The excited by a very large number of modes. Indeed, this seems to be the case. In Fig. 3 the noise in a nonresonant spectrum recorded with the normal CARS configuration (a) and the (rotational) dual broadband technique (b) are shown. Twenty Stokes laser spectra and twenty spectra for each of the two cases above were recorded using the dye rhodamine 640. The noise was evaluated to 4.9% for the Stokes laser spectra, 9.6% for the normal CARS configuration, and 4.7% for the dual broadband configuration. The noise in the two spectra in Fig. 3 was (a) 9.3% and (b) 4.5%. That the noise in the dual broadband case is not higher in the CARS spectra than in the Stokes laser spectra is in contrast to what is obtained using the normal CARS configuration. The present investigation as well as previous ones have shown that for the normal configuration the noise is higher in the CARS spectra than in the Stokes laser spectra regardless of whether it is a singlemode 3 ,' 6 or a multimodel3,1 4 ,1 6 , 2 ' pump laser that is used. The spectrum in Fig. 3(a) sits on a slope because the position of the dye spectral peak fluctuates from shot to shot. This type of fluctuation has no effect on the rotational dual broadband spectra, on the other hand these are more sensitive to fluctuations in the dye laser bandwidth. It is also likely that referencing should work well with this type of technique. Furthermore, the dual broadband techniques have calculational advantages. For these techniques the intensity convolution integral needed for theoretical spectra synthesis has a particularly simple form. 2 6 This is so for one thing because all sources are statistically independent. The issue of cross-coherence effects 0 27 does not arise, and there need be no concern that non-Gaussian second harmonic pump statistics 2 8 3 1 will invalidate a convolution integral based on Gaussian statistics for the laser sources.
Summarizing: a simple, semiquantitative model that may be useful as an aid in understanding the relative noise performance of various broadband CARS techniques has been presented. The model states that the CARS noise is approximately equal to the inverse square root of the number of modes from the Stokes laser generating the signal recorded by a single pixel. This means that compared with using a single-mode pump laser for generating resonant CARS spectra the use of a multimode pump laser will enable a higher number of Stokes laser modes to excite the Raman resonance. This property of the multimode pump laser will tend to reduce the noise. However, more definite statements can probably not be made as issues like pump mode intensity fluctuations, possible intermode beats, or questions whether the dye pumping process causes the dye laser intensity to follow fluctuations in the pump laser intensity still may need further investigation. [Clearly the conclusion above concerning the relative noise performance of multimode and single-mode lasers applies only when pump laser light is used for exciting the molecular Raman resonance. The situation where the pump laser light only is scattered off the vibrating molecule (i.e., providing only what is denoted the second pump laser photon in Fig. 1) is not treated here. Further, these conclusions might also change for high pressure applications with broad Raman resonances.]
The model also implies that to have optimum performance in referencing it must be assured that the same Stokes modes contribute to the signal in a given diode detector element in the reference and in the resonant spectra. This is more easily achieved at high pressure, with a narrow slit function and/or with a broadband pump laser. Finally, we note that the present analysis agrees with the observation that the noise in CARS spectra seems lower for the dual broadband type techniques than for the ordinary CARS configurations. The definitive answer to this question will have to await the demonstration of single pulse capability with the former technique. After submission of this paper it came to our knowledge that an analysis similar to the one presented in this paper has been proposed by Snelling et al. 
